We report on the next-to-leading order(NLO) QCD computation of top-quark pair production in association with a photon at the Fermilab Tevatron RUN II and CERN Large Hadron Collider. We describe the impact of the complete NLO QCD radiative corrections to this process, and provide the predictions of the leading order(LO) and NLO integrated cross sections, distributions of the transverse momenta of the top quark and photon for the LHC and Tevatron, and the LO and NLO forward-backward top-quark charge asymmetries for the Tevatron. We investigate the dependence of the LO and NLO cross sections on the renormalization/factorization scale, and find the scale dependence of the LO cross section is obviously improved by the NLO QCD corrections. The K-factor of the NLO QCD correction is 0.977(1.524) for the Tevatron(LHC).
I. Introduction
The top-quark was discovered by the CDF and D0 collaborations at Fermilab Tevatron in 1995 [1, 2] . It opens up a new research field of top physics, and confirms again the three-generation structure of the standard model(SM) [3, 4] . Among all the elementary particles discovered up to now [5, 6] , the top-quark mass term breaks the electroweak (EW) gauge symmetry maximally due to its huge mass, and the detailed physics of the top-quark may be significantly different from the predictions provided by the SM. But until now our knowledge about top quark's properties has been still limited [7] . For example, the couplings of the top quark to a photon and a Z 0 boson
have not yet been directly measured [8, 9] , while the precise measurement of the production and decay of top quark may be significant in searching for new physics beyond the SM.
In recent years there have been many works devoted to the study of the top-quark couplings.
The studies for probing the top-quark couplings ttγ and ttZ 0 at hadron colliders at LO were carried out in Ref. [10] , the calculations for the process e + e − → ttZ 0 at LO, QCD and EW NLO are provided in Refs. [11] , and the one-loop SM QCD and the supersymmetric QCD effects in the process of γγ → ttZ 0 at the ILC was investigated in Ref. [12] . The SM couplings of ttV (V = γ, Z 0 ) may be modified by the new interactions and that would lead to abundant phenomena of new physics. For example, if the top quark was a composite object, there would be an anomalously large ttγ event rate at colliders, due to deexcitation of high-energetic top state [13] . And if there exists nonstandard CP violation, in particular Higgs sector CP violation, a sizable top-quark (weak) electric dipole moment could be induced [14] . Other relevant references [9, 15, 16, 17] indicate that the vector and axial form factors in the coupling of the top quark and neutral gauge boson V (= γ, Z 0 ) should be probed precisely in order to find the signatures of a certain model of dynamical EW breaking.
At a linear collider, it is not easy to obtain the information about the individual EW neutral coupling ttV (V = Z 0 , γ) from the precise measurement of the top-pair production at a linear collider because of the hardness in distinguishing the contributions from the ttZ 0 and ttγ couplings.
At a hadron collider, it is impossible to measure the EW neutral couplings via→ γ * /Z * → tt due to the strong interaction process qq(gg) → g * → tt. Instead, they can be measured in QCD ttZ 0 /γ production and radiative top-quark decays in tt events (tt → γW + W − bb). Each of the processes is sensitive to the EW coupling between the top quark and the emitted Z 0 -boson(or photon). In the work of [18] it is concluded that it will be possible to probe the ttγ coupling at a few percent level at the LHC. Since the LO predictions in the QCD expansion for the channels pp(pp) → ttZ 0 (γ)+X at hadron colliders contain significant theoretical uncertainty, it is important to improve the theoretical prediction in order to accommodate the experimental measurement of the top-quark couplings. Recently, the NLO QCD correction to ttZ 0 production at the LHC has been calculated in Ref. [19] .
Our study in this work corresponds to the investigation on the production of the top-quark pair associated with a photon at the Fermilab Tevatron Run II and the CERN LHC in both LO and NLO QCD approximations. It is arranged as follows: In Sec.II we provide descriptions of the analytical calculations. In Sec.III we present some numerical results and discussions, and finally a short summary is given.
II. Description of the calculation
In the calculations at the LO and NLO of the α s expansion, we use the 't Hooft-Feynman gauge, employ FeynArts3.4 package [20] to generate Feynman diagrams and their corresponding amplitudes. The LO amplitudes are precessed by adopting FormCalc5.4 programs [21] . In the calculation for virtual corrections, the one-loop amplitudes involving UV and IR singularities are handled analytically by using our modified FormCalc programs, and are output in Fortran code with the UV and IR "ǫ× N-point integrals" terms remained unprocessed. The output is further processed numerically by using our developed Fortran subroutines for calculating N-point integrals to extract the remaining finite ǫ 1 ǫ terms. In these Fortran codes the IR singularities are separated from the IR-finite remainder by adopting the expressions for the IR singularity in N-point integrals(N ≥ 3)
in terms of 3-point integrals [22] .
II..1 Born approximation
We consider five partonic processes which contribute to the process of top-pair production associated with a photon at LO for hadron colliders. They are gg → ttγ and→ ttγ (q = u, d, c, s) production channels. We take the constraint for the transverse momentum for radiated photon as
T,cut = 20 GeV . We express these partonic reactions as
and
where we denote the external four-momenta by p i (i = 1, ..., 5) for the partonic processes→ ttγ and gg → ttγ , separately. There are 4 LO Feynman diagrams for partonic process→ ttγ (shown in Fig.1 ), and 8 tree-level diagrams for the gg → ttγ partonic process(shown in Fig.2 ). Despite being massless for photon and light-quarks(q = u, d, s), the cross sections for the above partonic processes are still "infrared safe" due to our constraint for the photon transverse momentum.
The expression of LO cross section for the partonic processes→ ttγ and gg → ttγ have the forms respectively as 
According to the factorization theorem for hard scattering processes in QCD, the LO differential cross section for the process pp(pp) → ttγ + X at the Tevatron(LHC) can be obtained by performing the following integration of the differential cross section for the partonic processes→ ttγ and gg → ttγ over the initial partonic luminosities [see Eq.(2.5)].
where y t andŷ t are the rapidities of the top-quark in the proton-(anti)proton and partonic centerof-mass systems, respectively (y t = 1 2
). The direction of the z-axis of the hadronic center-of-mass system is defined as the orientation of incoming hardron P 1 (for the parent process P 1 P 2 → ttγ + X), while the z-axis of the partonic center-of-mass system is set as the orientation of radiated parton i(or j) 
) are the parton distribution functions(PDFs) of (anti)proton A(= P 1 , P 2 ) which describe the probability to find a parton i(j) with four-momentum xp A in (anti)proton A. The partonic colliding energy squared s = x 1 x 2 s, where s is defined as the center-of-mass energy squared of the proton-(anti)proton collision. µ f is the factorization energy scale. In our LO calculations, we adopt the CTEQ6L1
PDFs [23] .
Our LO calculation shows when we take p (γ)
T,cut = 20 GeV , the LO integrated cross section for the ttγ production is dominated by the gluon-gluon fusion partonic channel with about 66.3% at the LHC , while about 99.3% is contributed by the q −q(q = u, d) annihilation partonic channels at the Tevatron RUN II.
II..2 NLO QCD corrections
The NLO QCD corrections to the pp(pp) → ttγ + X process are contributed distinctly by the following four parts:
1. the real gluon emission partonic processes qq, gg → ttγg, (q = u, d, s, c).
2. the real light-(anti)quark emission partonic processes q(q)g → ttγq(q), (q = u, d, s).
3. the virtual corrections at the NLO to the partonic processes qq, gg → ttγ, (q = u, d, s, c).
the collinear counterterms of the PDF.
In all the NLO calculations we use the dimensional regularization(DR) method in D = 4 − 2ǫ dimensions to isolate the UV and IR singularities. To describe the cancelations of the IR singularities in our calculations more clearly, we decompose the collinear counterterms of the 
where
The virtual corrections to the processes pp(pp) → qq, gg → ttγ + X contain both soft and collinear IR singularities. These singularities can be canceled exactly by adding the contributions of the real gluon emission processes qq, gg → ttγg and the collinear gluon emission part of the PDF counterterms δG q(g)/P exactly. All of these cancelations are verified numerically in our numerical calculations. The explicit expressions for the splitting functions P ij (z), (ij = qq, qg, gq, gg) can be found in Ref. [24] .
A. Real gluon emission corrections
We denote the partonic processes with real gluon emissions as
The real gluon emission partonic process→ ttγg includes 24 LO graphs shown in Fig.3 , and the gg → ttγg subprocess involves 50 LO graphs(shown in Fig.4 ). The figures (1)- (10) while→ ttγg, (q = u, d, s) and gg → ttγg contain both soft and IR singularities. The soft IR singularities can be extracted by adopting the two cutoff phase-space slicing(TCPSS) methods [24] respectively. The soft IR singularities in the partonic processes→ ttγg, (q = u, d, s, c) and gg → ttγg at the LO cancel the corresponding soft IR singularities arising from the one-loop virtual corrections to→ ttγ, (q = u, d, s, c) and gg → ttγ processes, respectively.
We split the phase-space of the gg(qq) → ttγg, (q = u, d, s, c) partonic process into two regions,
(soft gluon region) and E 6 > δ s √ŝ /2(hard gluon region). Except for the cc → ttγg process, the hard gluon region is divided into hard collinear region(HC)(−t 16 or −t 26 < δ cŝ ) and
qq → ttγg and gg → ttγg respectively. Then the cross sections for the real gluon emission partonic processes can be expressed aŝ
The differential cross section for the partonic processes→ ttγg in the soft region is given as
where dσ 0 ij are the LO differential cross sections for the partonic processes ij → ttγ, (ij = uū, dd, ss, cc). The soft integrals g ij (i = 1, 2, 3, j = 2, 3, 4) are defined as
The explicit expressions for the soft integrals g ij (p i , p j ) relevant to our calculations for the qq, gg → ttγg partonic processes, can be found in Ref. [25] . By using Eqs.(2.10-2.11) and the related soft ,
And for the massive cc-fusion partonic process cc → ttγg, we get
i . For the gg → ttγg partonic process in the soft region, we have 14) where the summation is taken over the spins and colors of initial and final states, and the bar over the summation represents taking average over the spins and colors of initial partons, and 
The color factors are expressed as The cross sections for the processes pp(pp) → ij → ttγg + X, (ij = uū, dd, ss, gg) in the hard noncollinear region,σ 19) where G i(j)/P (x, µ f ) is the PDF of parton i(j), and P refers to (anti)proton. P ii (z, ǫ) (i = q for q−q annihilation subprocess and i = g for g − g fusion subprocess) are the D-dimensional unregulated (z < 1) splitting functions related to the usual Altarelli-Parisi splitting kernel [26] . They can be written explicitly as 20) where N = 3 is the color number, C F = 4/3.
B. Real light-(anti)quark emission corrections
Since the LO contributions from the real light-(anti)quark emission partonic processes q(q)g → ttγq(q) are at the same α s order as previous real gluon emission partonic processes→ ttγg and gg → ttγg in perturbation theory, according to the Kinoshita-Lee-Nauenberg (KLN) theorem [27] , we should consider these subprocesses too. The LO Feynman diagrams for the partonic processes q(q)g → ttγq(q) (q = u, d, s) can be obtained by exchanging initial (anti)quark and final gluon in corresponding diagrams in Fig.3 .
In order to avoid the additional IR singularity at the LO for the partonic processes q(q)g → ttγq(q) (q = u, d, s) due to the radiated photon from a massless light-(anti)quark, we take a photon transverse momentum cut and an angle cut between the jet and photon, e.g. p 
The cross sections in the noncollinear region,σ C q(q)g , are finite and can be evaluated in four dimensions by using Monte Carlo method. The differential cross sections in the collinear region for the 1 From the experimental point of view, we should apply angle cut θ cut γ,jet not only to the pp → q(q)g → ttγq(q)+X processes, but also the pp → qq, gg → ttγg+X processes. The subscript 'jet' in θ γ,jet represents the light-(anti)quark jet or gluon jet for the real light-(anti)quark emission processes or the real gluon emission processes.
where the splitting functions P qg(gq) (z, ǫ) can be written explicitly as [26] P qg,gq (z, ǫ) = P qg,gq (z) + ǫP
C. Virtual corrections
There are 118 diagrams for the partonic process→ ttγ in the SM at NLO. It involves self-energy(40), vertex(32), box (14) , pentagon(4) and counterterm (28) The virtual correction parts of the cross sections containing soft/collinear IR singularities. As we can see later that the soft/collinear IR singularities are canceled exactly after combining the virtual corrections to the pertonic processes pp(pp) → qq(gg) → ttγ + X with the real gluon emission corrections and the gluon part of the PDF counterterms δG D. NLO QCD corrected cross section for pp(pp) → ttγ + X process As shown in Eqs.(2.6), the PDF counterterms contain collinear IR singularities. By combining the contributions of the PDF counterterms with the hard collinear contributions of the→ ttγg , gg → ttγg , q(q)g → ttγq(q) subprocesses, we get the expression for the remaining collinear contributions to the process pp(pp) → ttγ + X in O(α s ) order as,
where 29) where N = 3 and n lf = 5, respectively. The explicit expressions for P αα ′ and P ′ αα ′ can be found in Ref. [24] . By adding the virtual correction, the soft real gluon emission corrections and the remaining collinear contributions shown in Eq.(2.26), the soft and collinear IR divergences are 18 vanished. The final result for the total QCD correction(∆σ QCD ) consists of a three-body term and a four-body term, i.e., ∆σ QCD = ∆σ (3) + ∆σ (4) . The three-body term can be expressed as
and the four-body term has the form as Finally, the QCD corrected total cross section for the pp(pp) → ttγ + X process is
In adopting Eqs.(2.30), (2.31), and (2.32) for the numerical calculation, we use the CTEQ6M [23] PDFs.
III. Numerical results and discussion
In this section we describe and discuss the numerical results for the LO and NLO QCD corrected physical observables for the processes pp(pp) → ttγ + X . We take one-loop and two-loop running α s in the LO and NLO calculations, respectively [6] . To distinguish the photon from the jets requires the angle between the outgoing photon and jet constrained in the range of θ γ,jet > θ cut γ,jet (in the center-of-mass system of proton-(anti)proton). In our calculation we assume the produced (anti)top-quarks are always tagged and not effected by the phase-space cut. During our numerical calculation, we applied a number of checks to our calculations. the pp(pp) → dd → ttγ + X process is depicted. The verification that the total QCD correction ∆σ QCD for the pp(pp) → dd → ttγ + X process is independent of these two cutoffs, not only demonstrates the cancellation of soft/collinear IR divergencies in the total NLO QCD corrections to the processes pp(pp) → dd → ttγ + X , but also provide an indirect check for the correctness of our calculations. In further numerical calculations, we fix p
and δ c = δ s /50, if there is no other statement.
In Fig.9(a) and Figs.10(a) we present the dependence of the integrated LO and the NLO QCD corrected cross sections on the renormalization/factorization scale(µ) at the LHC and Tevatron RUN II, separately. There we assume µ = µ r = µ f and define µ 0 ≡ m t . We can see that The amplified curve for the total NLO QCD correction ∆σ QCD to the process pp(pp) → dd → ttγ + X in Fig.7(a) , where it includes the calculation errors. The amplified curve for the total QCD correction ∆σ QCD to the process pp(pp) → dd → ttγ + X in Fig.8(a) , where it includes the calculation errors. Fig.9(b) shows when we take µ/µ 0 = 1, the NLO QCD correction to the pp → gg → ttγ + X process at the LHC is much larger than the correction to pp →→ ttγ + X processes, while Figure 10 (b) demonstrates the NLO QCD correction to the pp →→ ttγ + X processes at the Tevatron is larger than that to pp → gg → ttγ + X in the vicinity of µ/µ 0 = 1. In the further calculations, we fix µ = µ 0 = m t .
In Table 1 we list the numerical results related to the data in Figs.9(a,b) for the LHC and The total NLO QCD K-factor for the process(K ≡ ∆σ QCD /σ LO ), the NLO QCD K-factor from the pp →→ ttγ + X(q = u, d, s, c) processes T in both Fig.11(b) and Fig.12(b) , we can conclude that most of the photons in the events of pp(pp) → ttγ + X are produced in low transverse momentum range at the LHC and Tevatron.
We adopt the definitions of the LO and NLO top-quark charge asymmetries in Ref. [32] , i.e., 
+ ∆σ
In Eq.(3.1) the notations σ ± LO have the explicit definitions as where cross sections σ LO (y t > 0) and σ LO (y t < 0) get the contributions from the top-quarks in the forward and backward hemispheres at LO, respectively,[The forward direction is defined as the orientation for incoming proton(P 1 ).], ∆σ ± N LO denote the NLO QCD contributions to the cross sections σ ± LO . By using our program with the same conditions as used in Table 3 .1 of Ref. [32] , we calculated the LO cross section and the top-quark charge asymmetry for the process pp → tt + jet + X at the Tevatron. We obtained σ LO = 1.582(2) pb and A t F B,LO = −7.70(6)% by taking p T,jet,cut = 20 GeV and µ = m t , which are coincident with those in Table 3 .1 of Ref. [32] .
In Table 2 
IV. Summary
In this paper we calculate the complete NLO QCD corrections to the top-pair production associated with a photon at the LHC and Tevatron Run II. We investigate the dependence of the LO and NLO QCD corrected integrated cross sections on the factorization/renormalization energy scale.
We present also the predictions for LO and NLO QCD corrected charge asymmetries of top-quarks at the Tevatron, and the LO and NLO differential cross sections at the LHC and Tevatron. We find from our numerical results that the NLO QCD radiative corrections obviously modify the LO charge asymmetry of top-quark, integrated and differential cross sections. And the uncertainty of the LO cross section due to the introduced unphysical energy scale µ, is significantly improved by including NLO QCD corrections. Our numerical results show that by taking µ = m t the K-factors of the NLO QCD corrections at the LHC and Tevatron RUN II are 1.524 and 0.977, respectively.
